The computation of the Gaussian curvature of a surface is a requirement in many propagation problems in physics and engineering. A formula is developed for the calculation of the Gaussian curvature by knowledge of two close geodesics on the surface, or alternatively from the projection i.e., image of such geodesics. The formula will be very useful for problems in general relativity, civil engineering, and robotic navigation.
Introduction
In many propagation problems in physics and engineering, it becomes necessary to compute the Gaussian curvature of a two-dimensional surface. In physics, this becomes necessary in the applications of general relativity, where it is sometimes desired to calculate the Gaussian curvature at a point in space from the observed geodesic paths of planets or light rays 1, 2 . In engineering, engineers who are involved in the design of structures such as geodesic domes frequently require a practical formula for computing the Gaussian curvature, where relations exist between the Gaussian curvature at any point on the surface of the structure and the stability of such a structure 3 . In certain other engineering applications, such as computer vision and robotic navigation, engineers sometimes find themselves facing the complicated problem of having to compute the Gaussian curvature of a surface in order to calculate 3-dimensional depth data or range 4-6 . From the basic principles of differential geometry, the Gaussian curvature G at any point of a two-dimensional surface S is given by
Figure 1:
A general curve S that is embedded in a surface of revolution and a copy S that is separated from S by a small rotation.
where k 1 and k 2 are the maximum and the minimum normal curvatures 6 . Unfortunately, in many practical situations, k 1 and k 2 are simply unknown. In the following section, we will derive a formula for computing the Gaussian curvature at any point on a surface by knowledge of two close geodesics on the surface, or alternatively from the projection i.e., image of such geodesics this is very important in applications such as general relativity and robotic navigation, where no direct knowledge of the geodesics exists, but only an image of the geodesics is available . A simple test of the formula is given in Section 3 the test shows that G, as computed from the formula, must vanish in an Euclidean 2-space . In Section 4, it is proven that the Gaussian curvature is a projective invariant and hence can be calculated from any projected image of two geodesics.
Calculation of the Gaussian Curvature from Geodesic Deviation
It is well known that any general 2-dimensional surface is topologically equivalent at any given point to a surface of revolution 6 . Hence, two close geodesics on the surface, when considered only within a small surface patch, can be treated as embedded in a surface of revolution. Such curves, however, will not necessarily be geodesics in the surface of revolution. Consider now a surface of revolution, where the smooth curve S is a general curve that is embedded in the surface Figure 1 . S is a copy of S that is obtained by rotating S through a small angle θ. p r is a position vector, defined over a circular ring passing by S-S . Let us select two parameters u and v, such that u varies as we travel along the curve S, but v is constant, and v varies as we pass from one curve to another, but u is constant. Obviously,
where θ is the rotation angle of the axis from S to S . Given such parameters on any surface in space, it can be shown that 7
where δ r is the unit tangent vector to the curve, R a bcd is the mixed curvature tensor 7 , and the symbol ∇ is the covariant derivative operator 6, 7 . If the curve S was a geodesic in the surface, we must have had 6, 7
since the covariant derivative of the unit tangent vector to a geodesic vanishes along the curve 6, 7 . Since S is a general curve, however, then ∇ s δ r will be the components of a vector of finite length, normal to the vector δ r 6 . On the other hand, due to circular symmetry in a surface of revolution, the vector ∇ s δ r , clearly, is parallel transported 6, 7 along a circular ring in the surface. Hence, we must conclude that 
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We also see that 
where G is the Gaussian curvature of the surface at the location of the vector P . In the following section, we prove that the Gaussian curvature given by 2.30 must vanish in an Euclidean 2-space. In Section 4, it is further proven that G is a projective invariant and hence can be calculated from any projected image of the curves S and S .
Investigation of the Behavior of G in an Euclidean Space
Here, we illustrate by a simple example that the Gaussian curvature G, given by 2.30 , must vanish in an Euclidean 2-space. Consider a right circular cone, shown in Figure 3 . P is the Euclidean norm of the position vector, and θ is the rotation angle as discussed in the above text . From the Figure 3 , we see that 
